We give a formula that represents magnetic Berezin transforms associated with generalized Bargmann-Fock spaces as functions of the Euclidean Laplacian on C n .
Introduction
The Berezin transform was introduced by Berezin [4] for certain classical symmetric domains in C n . This transform links the Berezin symbols and the symbols for Toeplitz operators. It is present in the study of the correspondence principle. The formula represented the Berezin transform as a function of the Laplace-Beltrami operator plays a key role in the Berezin quantization [4] . This transform can be defined as follows. Consider a domain D ⊆ C n and a Borel measure dμ on D. Let H be a closed subspace of L 2 (D, dμ) consisting of continuous functions and assume that H has a reproducing kernel K(·, ·). Then, the Berezin symbol σ (A) of a bounded linear operator A on H is the function on D given by σ (A)(z) = Ae z , e z , where e z (·) = K(z, z)
, the Toeplitz operator T ϕ with symbol ϕ is the operator on H given by T ϕ [f ] = P (ϕf ); f ∈ H, where P is the orthogonal projection from L 2 (D, dμ) into H. By definition, the Berezin transform associated to H is the positive self-adjoint operator σ (T ), which turns out to be a bounded operator on L 2 (D, dμ), where dμ K = K(z, z)dμ(z). Now, based on the consideration that the Berezin transform can be defined provided that there is a given closed subspace, which possesses a reproducing kernel, we are here concerned with the eigenspaces 
where L (α) k (x) is the Laguerre polynomial [8, p. 239] . Actually, by [3] , it is known that the eigenspace A , turns out to be given by a convolution product over the group
. Furthermore, it can be expressed in terms of the Euclidean Laplacian on C n as B 0 = e 1/4 C n [10] . In this paper, we extend to each eigenspace A 2 m (C n ) the notion of Berezin transform by considering the transform defined via the following convolution product over C n as
and we prove that this transform can also be expressed as a function of the Laplacian C n as: 5) where (α) j = α(α + 1) · · · (α + j − 1) denotes the Pochhammer symbol. This paper is organized as follows. In Section 2, we recall some needed facts on the generalized Bargmann-Fock spaces. In Section 3, we apply the formalism of the Berezin transform so as to extend this notion to each generalized Bargmann-Fock spaces. In Section 4, we give a formula that represents the extended Berezin transform as a function of the Laplacian in the Euclidean complex n-space.
The Schrödinger operator with magnetic field on C n
The motion of charged particle in a constant uniform magnetic field in R 2n is described (in suitable units and up to additive constant) by the Schrödinger operator: 
The unitary map Q in (2.3) is called a ground-state transformation. For B = 1, the explicit expression for the operator in Equation (2.2) turns out to be given by the operator introduced in Equation (1.2). The latter is considered with 
space spanned by the above harmonic polynomials h j p,q . The above basis can be used to obtain the reproducing kernel of the Hilbert space A 2 m (C n ) by the following general theory [1] . Actually, as mentioned in Section 1, this kernel is of the form
For more information on the spectral properties of the operator and its eigenspaces A 2 m (C n ), we refer to [2] .
Remark 2.1 Note that, for m = 0, the kernel K 0 (z, w) = π −n e z,w coincides with the reproducing kernel of Bargmann-Fock space F(C n ).
Magnetic Berezin transforms
According to the formalism described in Section 1, we take as domain D = C n the whole complex space. For a bounded operator 
For a bounded function ϕ on C n , the Toeplitz operator T ϕ is the operator
Explicitly, this transform reads
where ϕ ∈ L ∞ (C n ). As mentioned in the introduction, it is easy to see from (3.4) that the transform B m , can written as a convolution operator as
where
It is not difficult to see that the function b m belongs to L 1 (C n ) by making use of the orthogonality relation of Laguerre polynomials [3, p. 241 
Then, applying the Hausdorff-Young inequality to b m * ϕ enable us to write that
is a bounded operator, and since B m is a convolution operator, we will be concerned by giving the explicit formula for its symbol. That is the usual Fourier transform of b m (z) in (3.6) (see below).
Remark 3.1 Note that a decomposition of the action of B m on the product of radial functions with spherical harmonics has been discussed in [9] .
Berezin transform and the Euclidean Laplacian
In this section, we shall express the transform B m as a function of the Euclidean Laplacian of C n . For this, we first state the following proposition. Proof Since the transform B m can be written in view of (3.5) as a convolution over 
where 
then from (4.3) we can write
Inserting in (4.2) the expression of the Laguerre polynomial given in (4.4), we obtain 
(4.10) 
and E λ is the well-known spectral projector given by [5, p. 202 ]: 
for every ψ ∈ L 2 (C n ; dμ). The last equality implies that
which can also be written, in view of (4.12), as:
On the other hand, recalling the expression of B m given in (3.4) as:
We are led to consider the following equality:
(4.19) Equation (4.19) can be also written as 
The left-hand side of Equation (4.21) can be presented as the Hankel transform as
where H n is defined by [6, p. 67 ]:
and satisfies the involution property 
This implies that the function g m (λ) is of the form Then, we obtain:
Observe that the substitution λ = ts transforms the last integral in (4.29) to
and by making use of formula [7, p. 691 ]
a > 0 and 0 < (μ) < (1/2) ν + 3/4 for a = xt 1/2 , μ = 1 and ν = n, we obtain
Consequently, the function f m (t) expressed by the formula (4.29) becomes:
To calculate the integral (4.33), we will discuss two cases: n = 1 and n ≥ 2. For n = 1, we make use the formula [7, p. 812 
for y = √ t, α = 1, ν = 0 and σ = 0. Then, we obtain that
So, we get
For n ≥ 2, we first make use of the identity [3, p.249] Finally, we can write that
(4.44) We should note that the expression (4.44) enable us to rederive (4.36) when replacing n = 1 with the convention (0) 0 = 1. This helps us to summarize the discussion in one form as in the statement of the theorem.
